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Abstract: In (Hsu et al., 2005c), an algorithm for the identification of structured
nonlinear systems was proposed and its computational properties were explored.
In this paper, we continue the investigation and formalize notions of identifiability
and persistence of excitation. Conditions under which the estimated nonlinearity
converges uniformly to the true nonlinearity are developed for a class of kernel
based dispersion functions.
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1. INTRODUCTION
The inclusion of available a priori information is
of fundamental importance in system identification. One example of a priori knowledge that has
not yet been fully explored is that of the signal
interconnections between the various components
in a system. We refer to the signal interconnections as the system structure, and the resulting
identification problem is called a structured nonlinear system identification problem. The class of
systems that we consider in this paper are those
consisting of linear time-invariant (LTI) systems
and static nonlinear maps.
Information regarding the structural interconnection is generally known with a high degree of
confidence due to an understanding of the underlying relationships between the system components. While black-box identification methods are
by nature unbiased and offer a very general ap1
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proach to system identification problems (Sjöberg
et al., 1995; Juditsky et al., 1995), these methods
can require large amounts of data and computational resources. In addition, black-box methods
generally do not offer the opportunity to obtain
physical insight to the system of interest. By including a priori structural information, we can
restrict our attention to more specific classes of
nonlinear system identification problems and offer
systematic algorithms and convergence results.
Nonparametric methods already exist to treat the
identification problem in extreme generality, for
example using splines, kernel smoothing methods,
or neural networks (Greblicki, 1997; Sjöberg et
al., 1995; Barron, 1993). Asymptotic analysis and
local convergence results are available. However,
the generality of these methods limit their ability
to systematically incorporate a priori information
and usually result in large computational problems.
We utilize the identification framework developed
in (Claassen, 2001; Wemhoff, 2003; Wemhoff et

al., 1999) but introduce an alternate class of dispersion functions. In (Hsu et al., 2005b), a parametric approach to the structured identification
problem was considered. In (Hsu et al., 2005a; Hsu
et al., 2005d), a dispersion function motivated by
total variation was examined. We now consider
the identification problem using a kernel based approach. In a companion paper (Hsu et al., 2005c),
an identification algorithm is proposed and its
computational properties are explored. In this
paper, we formalize notions of identifiability and
persistence of excitation, and develop conditions
under which the estimated nonlinearity converges
uniformly to the true nonlinearity.
NOTATION
x
infinite vector-valued sequence (xk )∞
k=1
[L]
x
finite vector-valued sequence (xk )L
k=1
xk
k th element of x
∗
xk
complex-conjugate transpose of xk
πL
L-sample truncation operator
L
known LTI system
N
static nonlinear function
M(L, N ) LFT model structure defined by L,N
Ω[i] ⊆ Rpi domain where N [i] is to be identified
Ω ⊆ Rp Ω[1] × Ω[2] × · · · × Ω[m]
C, C 1
set of continuous, continuously
differentiable functions on Ω
Lγ
class of Lipschitz continuous functions
with Lipschitz constant γ.
N
class of static nonlinear functions with
a particular input-output structure
K
Reproducing Kernel Hilbert Space
K
reproducing kernel for K
ŵ[L]
estimate of w
I [L]
interpolant of (z [L] , w[L] )
[L]
Î
interpolant of (z [L] , ŵ[L] )
L
D
dispersion function
PL
µL (e[L] ) metric for e[L] : µL (e[L] ) = L1 i=1 e∗i ei
[i]
pi
number
Pm of inputs to N
p
p = i=1 pi
E
class of unmeasured inputs to L
E = {e : µ(e) < ∞}
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Fig. 1. LFT model structure
system L and the signals u and y are known. N
is a static nonlinearity that is unknown and to be
identified. The signal e is an unknown signal. In
addition, it is known that N satisfies a particular
input-output interconnection structure, denoted

 [1]
N


..
N =
.
.
N [m]

Without loss of generality, we assume that each
N [i] is single-output. This can always be realized
by introducing redudant copies of the respective
inputs.
We will also require that the signal z be measurable. This can be realized by requiring the
following property of L. Let us partition L as


Lyu Lye Lyw
.
L=
Lzu Lze Lzw
Definition 1. z is measurable if there exists an
LTI system ΨM such that




Lze Lzw = ΨM Lye Lyw .

Measurability of z implies that

z = Lzu u + Lze e + Lzw w
= Lzu u + ΨM (Lye e + Lyw w)
= Lzu u + ΨM (y − Lyu u),
so that z can be inferred from knowledge of u, y,
and L.
In (Hsu et al., 2005c), the following identification
algorithm was proposed.
(1) Find ŵ[L] = arg minw[L] J L (w[L] ), where
J L (w[L] ) = min µL (e[L] ) + βDL (z [L] , w[L] )
e[L]

s.t. (w[L] , e[L] ) ∈ CL (u, y)
2. PROBLEM FORMULATION
To present all structured systems under a common
framework, we gather the known linear blocks and
unknown nonlinearities into a Linear Fractional
Transformation (LFT) as shown in Figure 1. The
LFT paradigm is a powerful data structure that
can represent all finite interconnected systems
in one common setting. We will refer to the
generalized system in Figure 1 as the LFT model
structure. In the LFT model structure, the LTI

and
n
C (u, y) = (w[L] , e[L] ) : (w[L] , e[L] ) satisfies
L

πL y = πL (Lyu u + Lye e[L] + Lyw w[L] )
o
πL z = πL (Lzu u + Lze e[L] + Lzw w[L] ) .

(2) Form an estimate of N via an interpolation
of the points (z [L] , ŵ[L] ), denoted Î [L] .
Here, DL is a function that measures the complexity of interpolating the points given by (z [L] , w[L] ).
For ease of analysis, we will focus on a related

problem. First, we make the additional assumption that L−1
ye exists so that given w = N (z), we
can determine
e = L−1
ye (y − Lyu u − Lyw w).
With an appropriate choice of λ > 0, the following
optimization problem is equivalent:
ŵ[L] = arg min µL (e[L] )
w [L]

s.t. (w[L] , e[L] ) ∈ CL (u, y) (1)
λDL (z [L] , w[L] ) 6 1.
In what follows, we will establish the convergence
properties of the estimated interpolant Î [L] . Due
to space limitations, proofs are removed or only
sketched. Some of the ideas from parametric identification, namely identifiability and persistence of
excitation, have direct analogs. Formal definitions
will come later, but rough definitions are as follows:
(1) The LFT model structure is identifiable if it
allows for nonlinear functions to be distinguishable through input-output experiments.
(2) The input is persistently exciting if the response of the model to this input with a nonzero nonlinear function cannot be zero.
Clearly, if either of these conditions are not satisfied, we have no hope of claiming in general
that the estimated interpolant converges to the
true nonlinearity. However, there is a subtle issue
that arises: what is the set of nonlinear functions
to which these definitions apply? If we allow for
completely arbitrary functions, there is no hope
that these conditions can every be satisfied. We
are obligated to include an assumption about the
class of functions that we will be considering, and
we must ensure that the estimated interpolant will
fall within this class. In other words, the optimization problem (1) must ensure that the interpolants
lie in a set of functions on which the properties
of identifiability and persistence of excitation can
be successfully evaluated. We have the following
definition.

3. ASSUMPTIONS
The principle assumptions for our analysis are
listed below.
A.1 Ω is a bounded, connected, open subset of
Rp .
A.2 The input-output data (uk , yk )L
k=1 is known,
z is measurable, and the signal y − Lyu u is
bounded.
A.3 L is known, Lye is invertible with a stable
inverse, and Lyw is stable.
A.4 There is no undermodelling. That is, there
exists a true nonlinearity N true ∈ S with
λD(z true , N true (z true )) ≤ 1 and true signals
etrue , wtrue such that wtrue = N true (z) and
(πL wtrue , πL etrue ) ∈ CL (u, y).
A.5 etrue ∈ E = {e : µ(e) < ∞}.
A.6 etrue is the output of a stable linear system driven by zero mean white noise with
bounded fourth moments and independent of
z true
For our analysis of identifiability, we will also
make use of the following property.
Definition 3. z is co-measurable if there exists an
LTI system ΨC such that


Lze Lzw = Lzu ΨC .
Co-measurability of z implies that
 
 u

z = Lzu I ΨC  e  ,
w

so that all possible signals z lie in Range(Lzu ).
4. A CLASS OF DISPERSION FUNCTIONS
A large class of dispersion functions can be developed by utilizing concepts from approximation
theory, specifically, Reproducing Kernel Hilbert
Spaces (Aronszajn, 1950; Schölkopf and Smola,
2002; Suykens et al., 2002). Let K be a symmetric,
bounded, real-valued function of two (possibly
vector-valued) variables.

Definition 2. The dispersion function is coercive
if for every L, DL (z [L] , N true (z [L] )) < ∞ and

Definition 4. K is positive definite if for all positive integers m and all z1 , · · · , zm ∈ Ω,
X
ci c̄j K(zi , zj ) ≥ 0

DL (z [L], w[L] ) ≤ DL (z [L] , N true (z [L] ))

for all ci ∈ C. If the inequality is strict, then K is
strictly positive definite.

implies that I [L] ∈ S.
Note that this definition depends on a choice for
both the dispersion function DL and the set S.
Appropriate choices for both will be the subject
of Section 4.

i,j

Definition 5. Let K be a class of functions defined
on Ω, forming a Hilbert space with inner product
h·, ·iK . A symmetric, bounded, real-valued function K is a reproducing kernel of K if
(1) For every x ∈ Ω, K(x, ·) as a function of x
belongs to K.

(2) For every x ∈ Ω and every N ∈ K

1

N (x) = hN , K(·, x)iK .

2

Theorem 1. (See (Aronszajn, 1950)). To every
positive definite K there corresponds one and only
one class of functions with a uniquely determined
inner product on it, forming a Hilbert space and
admitting K as a reproducing kernel.
Thus, choosing a positive definite kernel K is
equivalent to choosing a Hilbert space of functions
L
K. We will define DK
(z [L] , w[L] ) to be the smallest
norm of a function in K that interpolates the
points (z [L], w[L] ).
L
DK
(z [L] , w[L] )

=

min
I∈K

2

kIkK

subject to wk = I(zk ).

(2)

It turns out that this optimization problem has a
simple solution and thus, the dispersion function
can be easily calculated.
Lemma 1. Let K be a strictly positive definite
L
reproducing kernel of K. Then, DK
(z,[L] , w[L] ) is
[L]
quadratic in w . That is,
L
DK
(z,[L] , w[L] ) = (w[L] )∗ Qw[L] ,

where
−1
K(z1 , z1 ) · · · K(zL , z1 )


..
..
..
Q=
 .
.
.
.
K(z1 , zL ) · · · K(zL , zL )


The choice of K also imparts some assumed
smoothness properties for the functions in K. This
behavior is consistent with that desired of a dispersion function.
We can now use these results to demonstrate that
L
the cost function with DK
is coercive.
Theorem 2. Let z be measurable and let K be
a positive definite reproducing kernel of K. Let
S = {N : kN kK < B} for some B > kN true kK
L
and let DL = DK
. Then, DL is coercive and
(1) If K is uniformly continuous, then S ⊂ C.
∂K(x1 ,x2 )
∂x1 ∂x2
x1 =x2 =t
then S ⊂ C 1 ∩ Lγ .

(2) If

is uniformly bounded,

5. IDENTIFIABILITY
We now address the issue of identifiability. Loosely
speaking, the LFT model structure in Figure 1
is identifiable if it is possible to determine the
static nonlinear block N uniquely on the basis
of noise-free input-output experiments. As is well
known, identifiability concepts are of fundamental

3
4

Pq
Parameterize X as X = i θi Ki , where
Ki ∈ Rm×p and q is the dimension of X.
Perform coprime factorization of systems
−1
−1
Lyw = Dyw
Nyw and Lzu = Nzu Dnu
with
poles of Nyw and Nzu at zero.
Form Toeplitz
Pqmatrix T of (finite) impulse
response of i θi Nyw Ki Nzu
Check null space of T . If non-trivial, then
the LFT model structure is not identifiable.

Fig. 2. Computatable identifiability test.

importance in system identification (Ljung, 1999).
Let us begin with the following definition.
Definition 6. The LFT model structure in Figure
1 is identifiable if for every N1 ∈ S, there does
not exist N1 6= N2 ∈ S such that M(L, N1 ) =
M(L, N2 ).
In the remainder of this section, we will develop a
test for identifiability. Let the following assumptions hold for this section.
I.1 Every N ∈ S is differentiable on Ω.
I.2 z is measurable and co-measurable.
I.3 For every N ∈ S, there exists ω ∈ Ω such
that N (ω) = 0.
I.4 The LFT model structure M(L, N ) is wellposed.
The following theorem demonstrates that under
these conditions, the identifiability can be evaluated by considering only the “forward” path from
u to y. This allows us to disregard the effect of
the unmeasured signal e and the feedback interconnection between z and w. For this, let us define
 [1]
X

..
X=
.


X [m]


,

where X [i] has the same input-output dimensions
as N [i] . We have the following result.
Theorem 3. Let Assumptions I.1-I.4 hold. The
LFT model structure is identifiable if and only
if there does not exist 0 6= X ∈ X such that
Lyw XLzu = 0.
This result allows us to formulate a computationally simple test for identifiability. The goal is
to compute the existence of the required matrix
X. Since we know that the mapping from X
to Lyw XLzu is linear, we can determine if this
mapping has a nontrivial nullspace on X. A computable test for identifiablity is given in Figure
2.

6. PERSISTENCE OF EXCITATION
Given an identifiable LFT model structure, an
input signal is persistently exciting if two different nonlinear functions always produce different
output sequences, thus enabling an identification
algorithm to distinguish between them. General
conditions for persistence of excitation appear to
be very complex. However, considerable insight
can be obtained in the case where the signal z
is measurable.
For the remainder of this section, we will assume
that the LFT model structure is identifiable. Our
condition for persistence of excitation will be
stated in terms of the signal z.
Definition 7. The signal z is persistently exciting
if for every N ∈ S,
[L]
lim µL (L−1
)) = 0 =⇒ kN k∞ = 0.
ye Lyw N (z

L→∞

Note that the persistence of excitation condition
is dependent on the linear block of the LFT model
structure. More specifically, a signal z that is
persistently exciting for one LFT model structure may be not persistently exciting for another.
While persistence of excitation conditions are
commonly independent of the model, a notion of
persistence of excitation that considers the model
structure may be more appropriate in the case
of general interconnected systems. One should
also note that if the LFT model structure is not
identifiable, no persistently exciting signal exists.
This explains the necessity of the identifiability
assumption throughout this section.

6.1 Examples of Persistently Exciting Signals
We now pose the question, “What types of signals
are persistently exciting?” In order to present an
illustrative example, let the additional assumptions hold.
PP.1 Let H = L−1
ye Lyw be an FIR filter with t + 1
taps.
PP.2 For every N ∈ S, there exists ω ∈ Ω such
that N (ω) = 0.
We begin with the following definition.
Definition 8. (zk )∞
k=1 is dense on Ω if for every
ω ∈ Ω and every ǫ > 0, there exists an index j
such that
kzj − ωk < ǫ.
In the following example, we demonstrate how to
construct a persistently exciting signal.

Example 1. Let M(L, N ) be identifiable and S ⊂
N ∩ C. We can write the signal ẽ = HN (z) as
ẽk = h∗0 N (zk ) + h∗1 N (zk−1 ) + · · · + h∗t N (zk−t ).
Define 0t to be a sequence of t zeros. We will
construct the signal z as follows. Let
z = (0t , a1 , 0t , a2 , 0t , a3 , 0t , . . . ),
where (ak )∞
k=1 is dense on Ω. Then,
ẽ = (. . . , h∗0 N (a1 ), h∗1 N (a1 ), . . . ,
h∗t N (a1 ), h∗0 N (a2 ), h∗1 N (a2 ), . . . ).
Suppose that limL→∞ µ(ẽ) = 0. Then, for every
ǫ > 0 there exists I such that for almost every
i > I, kh∗j N (ai )k < ǫ for j = 0, . . . , t. Since N is
continuous and (ai )∞
i=1 is dense on Ω, this implies
that hj N = 0 on Ω for j = 0, . . . , t. We can then
conclude that HN = 0 on Ω. The identifiability
of the LFT model structure results in N = 0. As
a result, the signal z is persistently exciting.
Sufficient conditions for the persistence of excitation condition will be formalized in the following
theorem. In essence, we need an input for which
we can search through to find sequences of length
t + 1 whose linear combinations resemble impulses
that explore Ω.
Theorem 4. Let Assumptions PP.1 and PP.2 hold.
Let the LFT model structure be identifiable. Let
∗
∗
S ⊂ N ∩ C ∩ Lγ . Define Zm = [zm
· · · zm+t
]∗ ∈
p(t+1)
R
.
Suppose that for any δ > 0, there exists closed
sets Si ⊆ Ω, points ξi ∈ Si , and
(1) For every s ∈ Si , M > 0, and integer
0 6 q 6 t, there exists indices m > M and
n > M such that ks − zn+q k < δ, kξi −
∗
zm+q k < δ, and kZm − Zn − [0pq zm+q
−
∗
∗
zn+q 0p(t−q) ] k < δ.
(2) For any two sets Si and Sj , there exists
a sequence of sets (Snk ) such that Snk ∩
S
6= {φ} and Si , Sj ∈ {Snk }.
Snk+1
(3) Si = Ω.

Then, z is persistently exciting.

Figure 3 illustrates the conditions in the previous
theorem. This is a plot of the space of sequences
(zm−1 , zm , zm+1 ). If the input is dense in the
regions shown, then the input satisfies condition
1 for Ω = [0, 1], q = 1, and t = 2.
Unfortunately, the conditions of the previous
theorem are somewhat convoluted. However, if
we restrict ourselves to considering z such that
∗
∗
∗
[zm−t
· · · zm
· · · zm+t
]∗ are sets in Ω×Ω×· · ·×Ω
with non-empty interior, a simpler characterization is possible, albeit with stronger conditions.

REFERENCES
Dense Region

1
0.8

S3

zm

0.6
0.4
0.2

Dense Region

S2

S1

Dense Region

0
0

1
0.5

0.5
1

0

zm−1

zm+1

Fig. 3. Illustration of the persistence of excitation
condition.
Theorem 5. Let Ω ⊆ Rp . Define Π : Rp(2t+1) →
Rp to be the projection operator such that
∗
∗
∗
Π[zm−t
· · · zm
· · · zm+t
]∗ = zm . Let Ω be
the closure of Ω. If (Zm ) is dense on a subset
S ∈ Rp(2t+1) with non-empty interior such that
ΠS ⊃ Ω, then z is persistently exciting.
The key property of a persistently exciting signal
is that it satisfies a density in both space and time.

7. CONVERGENCE PROPERTIES
Utilizing the preceding results, the following convergence theorem can be stated.
Theorem 6. Let Assumptions A.1 - A.6 hold. Let
L
DL = DK
with ∂K(t,t)
∂x1 ∂x2 uniformly bounded. If
the LFT model structure is identifiable and z is
persistently exciting, then
kÎ [L] − N true k∞ −→ 0 as L −→ ∞.
with probability 1.
Since the dispersion function is coercive, we are
ensured that Î [L] ∈ S. A persistently exciting
signal z then generates an input-output data set
for which a unique estimate is obtained as L → ∞.
Assumption A.6 along with the identifiability of
the LFT model structure then ensure that in the
limit, N true is almost surely the unique minimizer.

8. CONCLUSION
In (Hsu et al., 2005c), an algorithm was developed for the structured nonlinear system identification problem. In this paper, a class of dispersion
functions that retains the least squares nature
of the algorithm is described. We also explored
notions of identifiability and persistence of excitation to provide conditions under which the
estimated nonlinearity converges uniformly to the
true nonlinearity.
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(1995). Nonlinear black-box models in system identification: Mathematical foundations. Automatica 31, 1725–1750.
Ljung, L. (1999). System Identification Theory for
the User, 2nd Edition. Prentice Hall. Upper
Saddle River, N.J.
Schölkopf, B. and A.J. Smola (2002). Learning
with Kernels. MIT Press. Cambridge.
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